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Abstract
We compare cosmologic and spherically symmetric solutions to metric and Palatini versions
of vector Horndeski theory. It appears that Palatini formulation of the theory admits more
degrees of freedom. Specifically, homogeneous isotropic configuration is effectively bimetric,
and static spherically symmetric configuration contains non-metric connection. In general, the
exact solution in metric case coincides with the approximative solution in Palatini case. The
Palatini version of the theory appears to be more complicated, but the resulting non-linearity
may be useful: we demonstrate that it allows the specific cosmological solution to pass through
singularity, which is not possible in metric approach.
1 Introduction
The stages of accelerated expansion of our universe were not predicted by Einstein gravity. This
strongly motivates searching for new gravity theories. However, when we specify the action of new
theory, we immediately face the question: whether the compatibility of connection with metric is
an accidental feature of Einstein gravity or a fundamental property of our universe? Indeed, there
are two main approaches to variation procedure of the gravitational action, which are inequivalent.
In Palatini/first-order formalism the affine connection Γαρσ is treated as an independent variable,
while in metric/second-order formalism the connection is restricted to be Levi-Civita connection
of the metric gρσ :
Γαρσ = { αρσ} =
gαλ
2
(∂ρgλσ + ∂σgλρ − ∂λgρσ) .
Let us denote, for brevity, the two formalisms as F1 and F2, correspondingly.
Metric theory of gravity is present in any textbook on gravitation. A detailed review of Palatini
formulation of modified gravity theories can be found in [1]. Worth to mention, there exist a
plethora of other options. One can consider bimetric theory, in which connection is compatible
with independent second metric [2], biconnection theory with two affine connections [3], the action
may depend both on metric and affine geometrical objects [4] e.t.c. But those approaches are
beyond the scope of our consideration.
Einstein gravity appears to be physically equivalent in both formalisms: even if connection
is regarded as an independent variable in Einstein-Hilbert action, the solution to corresponding
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equation of motion is a connection, which admits the same geodesics and Einstein equations as the
Levi-Civita connection [5, 6]. There are known few more theories which exhibit such equivalence [7,
8], but for an arbitrary gravity theory the equivalence is generally broken. Identically looking
actions provide different equations of motion in F1 and F2 approaches [9]. For instance, f(R)
gravity contains an additional scalar degree of freedom, compared to Einstein gravity. In F2 case,
this degree of freedom is dynamical and allows describing quint-essence and inflation. In F1 this
would be a non-dynamical degree of freedom [10], which is similar to an effective cosmological
constant [11, 12].
Consideration of independent connection may lead to ambiguities in definition of geodesics,
it admits traveling faster than light and other potentially unpleasant phenomena, yet admissible
at high energies. On other hand, the artificial restriction on connection may appear unphysical.
Therefore both approaches to variation of gravitational action are justified, and it is important
to establish an actual difference between F1 and F2 versions of gravity theories actively studied
nowadays.
In current research we would like to compare metric and Palatini formulations of vector Horn-
deski theory. Horndeski models, both in scalar [13] and vector [14] case have attracted a lot of
interest in recent years, because the issues of inflation and/or dark energy can be resolved in a very
natural way within their framework [15, 16, 17]. Although some of the models may be plagued by
ghosts and instabilities [18], their elegant mathematical structure [19, 20] motivates the detailed
study. The particular case of Horndeski prescription in Palatini approach remains barely covered
by the investigations, though the theories with non-minimally coupled scalar field were extensively
explored recently in both metric and Palatini formulations [21, 22, 23, 24]. However, in Horndeski
case the model with scalar field is quite complicated, because it contains several distinct types of
coupling between matter and geometry. On the contrary, the vector Horndeski model is unique in
its simplicity, so we chose it as the starting point for studying.
One can find several studies of cosmological [25, 26, 17] and spherically symmetric [27, 28]
solutions to vector Horndeski theory in metric approach. But the Palatini version of the theory
remains unexplored, to the best of our knowledge.Modified theories of gravitation with electro-
magnetic fields were pretty well studied in the Palatini approach [29, 30, 31], but in all the models
examined, the interaction between matter and gravity was realized at the level of effective scalars
with the lagrangians of the form: L = L(R,RρσR
ρσ, FρσF
ρσ, FρσF˜
ρσ). And the vector Horndeski
model exhibits much closer ties between matter and geometry, implying contractions of curvature
tensor with the field tensors:
L = R˜αβµνFαβFµν = Rαβµν F˜
αβF˜µν . (1)
Here Rαβµν is curvature tensor, Fµν — field tensor, and their duals R˜
αβµν , F˜αβ are obtained by
contractions with Levi-Civita tensor:
R˜αβγδ =
1
4
ǫαβµνRµνρσ ǫ
ρσγδ , F˜αβ = −1
2
ǫαβµνFµν . (2)
Mention that compared to above, in literature the double dual of Riemann tensor is often defined
with minus sign.
2 Non-minimal gravity in F1 and F2
Despite focusing on vector Horndeski model, we start our research from study of a gravity theory
with non-minimally coupled matter in general case. The reason is simple: we need to distinguish
peculiarities of Horndeski model and general features of a theory with non-minimal coupling be-
tween matter and gravity. During this general consideration we choose the coupling matter in a
2
form of scalar field, for simplicity. We will explain later that the results will be also relevant to
vector Horndeski theory.
So we start with the action
S =
1
2
∫ [
R− λLc(Rαρσν , gρσ, φ,∇µφ,∇ρ∇σφ)
]√−g d4x+ ∫ Lm√−g d4x . (3)
The minimally coupled term Lm represents some standard matter lagrangian without curvature,
connection and second-order derivatives. One can naturally assume that at relatively low energies
the non-minimal coupling effects can be observed as small corrections to Einstein gravity. The
parameter of non-minimal coupling, λ, may be used to establish energy scale at which the coupling
between matter and geometry becomes significant. Although a particular physical interpretation
of λ depends on specific lagrangian, we may formally assume that for a certain class of theories
the solutions can be expanded in powers of λ, and the approximative solutions method can be
applied. Exact solutions in a theories with non-minimal coupling are rare, so many results can be
obtained with the aid of approximative solutions.
2.1 F1 case
Let us consider the Palatini approach, first. Affine connection Γ is then an independent variable,
and its difference from metric connection {} is given by distortion tensor:
Cα
· ρσ = { αρσ} − Γα· ρσ . (4)
Throughout the article we will deal with symmetric connection only: Γα
· ρσ = Γ
α
· σρ. Though
in f(R,RρσR
ρσ) theories torsion does not affect Einstein and field equations due to projective
invariance of scalar curvature [12], in our case there is a curvature tensor in the action. Hence
setting torsion to zero is a subtle question [32]. Nonetheless, we let it vanish a priori, in order to
simplify the calculations.
Covariant derivative with respect to metric connection will be denoted as ∇, and covariant
derivative with respect Γ will be denoted as ∇Γ. The former preserves metric: ∇αgρσ = 0. The
latter, when acting on metric, generates non-metricity tensor by the formula:
Qαρσ = −∇Γαgρσ ; Qα ≡
1
4
Q · · ραρ · , Q¯σ ≡ Qα · ·· ασ . (5)
For convenience of further use we’ve introduced also the traces of non-metricity. The first of them,
Qα, is often called Weyl vector, and the factor 1/4 is standard in its definition. Mention that affine
derivative of contravariant metric tensor is equal to non-metricity with raised indices taken with
positive sign: ∇Γαgρσ = Q · ρσα . The relation between distortion and non-metricity is following:
Cαρσ = −1
2
(Qρασ +Qσαρ −Qαρσ) . (6)
The action (3) now contains covariant derivatives with respect to Γ, and Riemann tensor Rαρσν
depends solely on Γ:
S =
1
2
∫ [
R(Γ, g) − λLc(Rαρσν(Γ), gρσ , φ,∇Γµφ,∇Γρ∇Γσφ)
]√−g d4x+ ∫ Lm√−g d4x . (7)
The derivation of equations of motion usually requires a permutation of the derivatives ∇Γ. During
this procedure, there appears a term with Weyl vector due to presence of the factor
√−g. For
example, in case of two arbitrary tensors T and K combined into scalar density one has
√−g T µα(n)β(k) ∇
Γ
µK
β(k)
α(n) = ∂µ
(√−g T µα(n)β(k) Kβ(k)α(n)
)
−√−g Kβ(k)α(n)(∇Γµ − 2Qµ)T
µα(n)
β(k)
. (8)
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Thus it is useful to define the extended affine covariant derivative:
∇¯Γν ≡ ∇Γν − 2Qν . (9)
The corresponding covariant divergence of a vector or antisymmetric tensor coincides with metric
covariant divergence:
∇¯ΓνV ν = ∇νV ν , ∇¯ΓνV [νµ1..µn] = ∇νV [νµ1..µn] . (10)
Last property comes from the fact that both connections Γαβµ and { αβµ} are symmetric and their
contraction in two indices with antisymmetric tensor identically vanishes. Finally, let us introduce
the two tensors in order to make the formulas more compact:
M · ρσνα ≡
∂Lc
∂Rαρσν
, Nρσ ≡ ∂Lc
∂∇Γρ∇Γσφ
. (11)
The first one is antisymmetric in µ, ν, and the second one is symmetric.
Equation of motion for scalar field φ can be easily written as
− λ∇¯Γρ ∇¯ΓσNρσ +
[
∇µ ∂
∂∂µφ
− ∂
∂φ
]
(2Lm − λLc) = 0 . (12)
Mention that affine and metric covariant divergences of the vector ∂L/∂µφ coincide, as it follows
from Eq. (10).
Einstein equations in F1 look also quite simply:
G(ρσ)(Γ, g) = T
(1)
ρσ (Γ, g) , where T
(1)
ρσ ≡ −
∂√−g∂gρσ
[
(2Lm − λLc)
√−g] . (13)
Einstein tensor Gρσ(Γ, g) is not symmetric for arbitrary affine connection Γ, and only its symmetric
part joins the equations.
In order to derive the connection equation one should vary the lagrangian density from (7) in
Γ:
δΓ (
√−gL)√−g =
1
2
(δσαg
ρν − λMρσνα ) δΓRαρσν(Γ)− λNρσδΓ∇Γρ∇Γσφ . (14)
The variation of curvature tensor with respect to connection reads as
δRαρσν = ∇ΓσδΓαρν −∇Γν δΓαρσ , (15)
while for second-order covariant derivative one has
δΓ∇Γρ∇Γσφ = −∇Γαφ δΓαρσ . (16)
Then the variation takes the form
δΓ (
√−gL)√−g = −
(
δ[να g
σ]ρ − λMρσνα
)
∇Γν δΓαρσ +
λ
2
Nρσ∇Γαφ δΓαρσ
=
[
∇¯Γν
(
δ[να g
σ]ρ − λMρσνα
)
+
λ
2
Nρσ∇Γαφ
]
δΓαρσ + tot. der. (17)
As a result, the equation on symmetric affine connection reads as
∇¯Γν
(
δ[να g
σ]ρ − λMρσνα
)
+
λ
2
Nρσ∇Γαφ+ (ρ↔ σ) = 0 . (18)
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Let us introduce hyperstress tensor:
Θ · ρσα ≡ −
2√−g
δSc
δΓαρσ
= −2λ∇¯ΓνM (ρσ)να + λNρσ∇¯Γαφ . (19)
It is the variational derivative of non-minimal term in the action (7) with respect to connection.
Mention that the variation by connection of the entire action is often called the connection tensor,
and variation of matter part of the action (coupled to connection via covariant derivatives only) is
called hypermomentum [33]. Here we deal with the action which is explicitly split onto Einstein-
Hilbert and coupling terms. The variation of EH term is trivial, while the variation of coupling
term is a matter of interest. However it is more than just a material current coupled to connection,
so it deserves an individual name. By construction, hyperstress is symmetric in last two indices,
ρ and σ.
The derivative ∇¯Γ acting on metric tensor spawns non-metricity tensor and its traces. There-
fore connection equation can be rewritten as following:
Q · ρσα − 2gρσQα + 2δ(ρα Q σ) − δ(ρα Q¯ σ) = −Θ · ρσα . (20)
This is the differential equation for connection, but if Lc is linear in curvature, it turns to algebraic
one. It hardly can be resolved in general, but one can use successive approximation method,
expanding the equation in powers of λ. For this, let us expand the r.h.s. of connection equation (20)
in powers of λ up to O(λ) term. The result is the hyperstress calculated on solutions to minimally
coupled theory, i.e. with λ = 0, because the difference between solutions with vanishing and
non-vanishing λ has O(λ) order, and hyperstress already contains λ as a factor.
The approximative solution for connection, valid in the order O(λ), should therefore satisfy
the equation
Q · ρσα − 2gρσQα + 2δ(ρα Q σ) − δ(ρα Q¯ σ) = −Θ · ρσα , (21)
in which the r.h.s. now is independent of affine connection and is known function derived from
solution to minimally coupled theory. It is convenient also introduce the traces of hyperstress:
Θα ≡ Θ · · ραρ · , Θ¯σ ≡ Θα · ·· ασ . (22)
Then, taking traces of the Eq. (21) and substituting it back in the equation, after simple algebra
one finds the expression for non-metricity:
Qαρσ = Θαρσ − 2
3
gα(ρΘ¯σ) −
(
1
2
Θα − 1
3
Θ¯α
)
gρσ . (23)
The distortion tensor can be obtained from (6) with known non-metricity:
Cαρσ = −1
2
[Θρασ +Θσαρ −Θαρσ]− 1
3
gα(ρΘ¯σ) +
1
2
gα(ρΘσ) −
gρσ
4
(
Θα − 2Θ¯α
)
. (24)
We see that affine connection Γ appears to be incompatible with metric gρσ , unless hyperstress is
vanishing.
2.2 F2 case
Now turn to metric formulation with the action
S =
1
2
∫ [
R(g) − λLc(Rαρσν(g), gρσ , φ,∇µφ,∇ρ∇σφ)
]√−g d4x+ ∫ Lm√−g d4x . (25)
5
The field equation differs from F1 case (12) by replacement of the covariant derivatives:
− λ∇ρ∇σNρσ +
[
∇µ ∂
∂∂µφ
− ∂
∂φ
]
(2Lm − λLc) = 0 . (26)
The terms Nµν and Lc are also different in F1 and F2 cases, because they depend on different
connections. However, the difference has the order O(λ), and Nµν and Lc enter the equation
already with the factor λ. Therefore the equations for scalar field in F1 and F2 formulations are
identical in O(λ) order.
The derivation of Einstein equation in F2 case is a bit more complicated, than in F1. Now the
variation of connection and curvature tensor should be expressed via metric variation:
δΓαρσ(g) =
gαλ
2
(∇ρδgλσ +∇σδgλρ −∇λδgρσ) . (27)
As a result, in F2 version of Einstein equations a new term, T
(2)
ρσ , appears. In order to calculate
it, one should vary the coupling term with respect to connection, and then take into account the
dependence of δΓ on δg. So, on the first step we will get nothing more than hyperstress (19),
calculated on the metric connection. After that, we should swap covariant derivatives and apply
the permutation of indices reflecting the structure of the Eq. (27). Combining all terms together
we obtain:
Gρσ(g) = T
(1)
ρσ (g) + T
(2)
ρσ (g) , where T
(2)
ρσ (g) = −
1
2
∇α (Θρασ(g) + Θσαρ(g) −Θαρσ(g)) . (28)
The shape of term T
(1)
ρσ coincides with the one derived in F1 case (13), but now it depends on
metric connection. Hyperstress in the expression for T
(2)
ρσ also depends on metric connection { αρσ}.
The fact that F1 and F2 versions of Einstein equation differ by T
(2)
ρσ term was already established
in literature [8, 34]. And now we will calculate the actual difference at the level of solutions,
expanding the equations in powers of λ.
2.3 Comparing F1 and F2
We have started with two actions (7), (25), which just look similar but are actually different,
and have applied two different variational procedures. So no wonder that we eventually obtained
two different versions of Einstein equations. Mathematically, F1 and F2 formulations are distinct,
and that is a well-known fact. Here we would like to accentuate that from physical point of view
the two formulations may appear less distinguishable. When the modification to Einstein gravity
is considered as a correction at high energies, the corresponding Observable phenomena should
be barely visible at low energy scale accessible to us. Those phenomena can be described by
approximative solutions. But what is the difference between approximative solutions in F1 and
F2?
Let us expand Einstein equations (13, 28) in O(λ) order. All connection-dependent terms
in right hand sides already contain the factor λ, therefore the difference between F1 and F2
connections will contribute in the r.h.s. only into terms of the order O(λ2). Einstein tensor in
l.h.s. does not contain the factor λ, so the difference between F1 and F2 versions of Einstein
tensors,
δGρσ = G(ρσ)(Γ, g) −Gρσ(g) , (29)
emerges already at O(λ) terms. In order to calculate δGρσ in O(λ) order let us use the Palatini
identity
δR(µν) = ∇λδΓλµν −∇(νδΓλµ)λ , (30)
6
with difference between connections given by distortion tensor (24):
δΓλµν = Γ
λ
µν − { αβµ} = −Cλµν . (31)
After short calculations one can see that
δGρσ =
1
2
∇α (Θρασ +Θσαρ −Θαρσ) +O(λ2) . (32)
Shortly speaking, Einstein equations (13) and (28) in F1 and F2 cases look like
F1 : Gρσ(g)− T (2)ρσ (g) = T (1)ρσ (g) +O(λ2) ,
F2 : Gρσ(g) = T
(1)
ρσ (g) + T
(2)
ρσ (g) ,
where all terms are evaluated for metric connection { αβµ}.
The apparent equivalence of F1 and F2 versions of Einstein equations in O(λ) order is not
accidental, of cause. Both terms δGρσ and T
(2)
ρσ reflect the structure of solutions to connection
equation. In F2 case the equation on Levi-Civita connection is linear, while in F1 case the equation
on distortion tensor is linear only in O(λ) order. So it appears that exact solutions to metric version
of gravity theory (3) coincide with approximative O(λ) solutions obtained in Palatini formulation
of the theory.
3 Vector Horndeski theory
Let us now turn from general consideration to investigation of particular theory. The covariant
derivatives of vector and scalar fields are different, so in general the results of previous section
can not be directly applied to theories with non-minimally coupled vector field. However the
lagrangian (1) does not contain covariant derivatives of vector field due to our choice of vanishing
torsion. It contains only the first-order partial derivatives, which are the same for vector and
scalar fields. Consequently, all calculations from previous section remain valid.
The lagrangian (1) for vector Horndeski model is given in metric version. We suggest that it
can be slightly modified to suit better the F1 case. Gauge field comes as tensor F˜αβF˜µν which
is antisymmetric in first and second pairs of indices and symmetric with respect to pair exchange
(αβ) ↔ (µν). In metric case the curvature tensor shares this symmetry, but not in Palatini case.
In latter case gauge field actually is coupled to symmetrized part of curvature tensor (or its dual):
Sαβµν ≡ 1
2
(
gλ[αR
λ
β]µν + gλ[µR
λ
ν]αβ
)
, S˜αβγδ =
1
4
ǫαβµνSµνρσ ǫ
ρσγδ . (33)
The remaining components of curvature tensor do not interact with F˜αβF˜µν , because their con-
traction identically vanishes. For metric curvature tensor one has Sαβµν = Rαβµν , so the coupling
in the form SF˜ F˜ = S˜FF correctly describes both F1 and F2 version of vector Horndeski model.
Finally, we would like to consider the action containing both gravity-coupled and standard
terms:
S =
1
2
∫
[R−Tr(ΦµνFµν)]
√−gd4x . (34)
Here the “induction” tensor is introduced for convenience, it absorbs minimally and non-minimally
coupled field tensors:
Φµν = Fµν +
λ
2
S˜µνλτFλτ . (35)
The trace operators appear because the vector field can be non-Abelian with SU(2) gauge group.
Then
Aµ = A
a
µTa , Fµν = F
a
µνTa = 2∇[µAν] − i [Aµ, Aν ] , (36)
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where SU(2) gauge group generators are
[Ta, Tb] = iε
c
ab Tc , Tr(TaTb) =
1
2
δab . (37)
In Maxwell case trace operators should be replaced by factors 1/2 in order to get correct factors
everywhere.
The field equation is the conservation law:
F1 and F2: DνΦ
µν = 0 , where Dν ≡ ∇ν + [Aν , · ] . (38)
Covariant divergence here can be calculated with metric connection in both F2 and F1 approaches,
because Φµν is antisymmetric, see Eq. (10). Einstein equations look quite different in two formu-
lations:
F1 : G(ρσ) = Tr
(
F(ρα
[
Φ ασ) + F
α
σ)
]
− 1
2
gρσFαβF
αβ
)
, (39)
F2 : Gρσ = 2Tr
(
F(ραΦ
α
σ) −
1
4
gρσFαβΦ
αβ
)
+λTr
(
RαβF˜αρF˜βσ +D
αF˜βρD
βF˜ασ + F
αβ
[
F˜αρ, F˜βσ
])
. (40)
The r.h.s. of connection equation (20) now contains the hyperstress
Θ · ρσα = −λ∇¯ΓνTr
(
F˜ (ρα F˜
σ)ν
)
. (41)
The derivatives of hyperstress tensor arising in F2 version of Einstein equations (28) generally
contain higher order derivatives of matter field. However, for Horndeski prescription the terms
with higher order derivatives are totally annihilated by virtue of Bianchi identities for gauge field
and curvature tensor. The arbitrary couplings of the form RFµνF
µν , RµνF
µλF νλ, e.t.c. don’t
share this property.
One can also check that in O(λ) order Einstein equations in F1 and F2 cases do coincide. For
instance, the difference between affine and metric Einstein tensors can be found from the Eq. (32)
with hyperstress given above:
δG(ρσ) = Tr
(
1
2
gρσFαβ
[
Φαβ − Fαβ
]
− F(ρα
[
Φ ασ) − F ασ)
])
−λTr
(
RαβF˜αρF˜βσ +D
αF˜βρD
βF˜ασ + F
αβ [F˜αρ, F˜βσ ]
)
. (42)
Combining it with F1 version of Einstein equation we obtain precisely the F2 version.
Now let us compare the solutions to F1 and F2 versions of vector Horndeski model beyond
O(λ) order. The equations of motion are quite complicated, so we will use suitable models mostly
for illustrative purposes. The detailed investigation of solutions in each case is not the subject of
the current consideration.
3.1 Homogeneous isotropic model
Unlike Maxwell case, the vector Horndeski model with SU(2) Yang–Mills field admits homogeneous
and isotropic cosmological solutions, including inflationary ones [17]. So here we consider the non-
Abelian version of the action (34) The ansatz for metric in proper time gauge is standard:
ds2 = −dt2 + a2 [dχ2 +Σ2k(χ)(dθ2 + sin2 θdϕ2)] , (43)
8
where Σk(χ) = {sinχ, χ, sinhχ} for the closed, flat and open universe, labeled by k = 1, 0,−1,
correspondingly. For SU(2) Yang–Mills field the most general cosmological ansatz preserving the
isotropy and homogeneity of the metrics can be written in terms of a single function f(t) in all
three cases k = 0,±1 [35]:
A = f(t)Tχdχ+
[
f(t)ΣkTθ + (Σ
′
k − 1)Tϕ
]
dθ +
[
f(t)ΣkTϕ − (Σ′k − 1)Tθ
]
sin θdϕ . (44)
Here the group generators, Ta, are the Pauli matrices τb/(2i) contracted with spherical unit vectors
nb(χ,θ,ϕ). Then the field tensor takes the form [36]:
F = f˙ (Tχ dt ∧ dχ+ TθΣk dt ∧ dθ + TϕΣk sinϑ dt ∧ dϕ)
+Σk(f
2 − k) (Tϕ dχ ∧ dθ − Tθ sin θ dχ ∧ dϕ+ TχΣk sin θ dθ ∧ dϕ) . (45)
Dot over the letter represents the time-derivative. Such configuration (with k = 0) in metric
formulation was investigated in [17, 18], so here we may focus on Palatini case.
It is easy to calculate hyperstress (41) in O(λ) order, since then we may use Levi-Civita
connection of the metric (43) instead of unknown affine connection. It appears that all components
of hyperstress in O(λ) order can be expressed in terms of its trace:
Θαρσ =
1
3
(
Θαgρσ −Θ(ρgσ)α
)
, (46)
and only the temporal component of the trace is non-vanishing:
Θα = 3λ
[(
(f2 − k)2
a4
− f˙
2
a2
)
H − 1
a4
d
dt
(f2 − k)2
]
δαt . (47)
Here H = a˙/a is Hubble parameter, as usual. Then the non-metricity tensor in O(λ) order can be
found from the Eq. (23), and is equal to
Qαρσ = −1
3
Θαgρσ . (48)
It is traceless, which happens only when covariant derivative is compatible the conformally trans-
formed metric hρσ = e
2ω(t)gρσ, where ω(t) is some unknown function.
One can check that the ansatz for connection taken in the form of Levi-Civita connection
compatible with metric hρσ,
Γαρσ =
(h−1)αλ
2
(∂ρhλσ + ∂σhλρ − ∂λhρσ) , (49)
passes through the full equations of motion (not restricted by O(λ) order), if ω˙ = −Θt/6. So,
homogeneous isotropic vector Horndeski model in Palatini approach is effectively a bimetric theory.
However the two metrics differ only by a conformal factor, hence there is only one additional degree
of freedom compared to metric case.
The equations of motion are non-integrable and extremely complicated. So we would like to
simplify the model in order to get the exact solutions, which can be easily analyzed. For this, let
us now turn to a so-called cosmological sphaleron solution. The classical stress-energy tensor of
minimally coupled theory reads as:
T tt = ρ , T
k
i =
ρ
3
δki , where ρ =
3
2
(
f˙2
a2
+
(f2 − k)2
a4
)
. (50)
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In closed universe the gauge field potential (f2−1)2/a4 acquires a double-valley form. The unstable
static solution to field equation, f = 0, corresponds to the top of a barrier which separates two
distinct vacua states with f = ±1. It has non-zero energy density ρ = 3/(2a4) in Einstein gravity
theory. Hence one obtains the model with non-dynamical gauge field and non-trivial stress-energy
tensor which is very suitable for investigation of complicated theory.
The equation ω˙ = −Θt/6 can be easily integrated, since now Θt = 3λH/a4. Integrating it with
natural initial condition Γαρσ|λ=0 = { αρσ} we find the exact solution to connection for cosmological
sphaleron model in F1 approach. It is the Levi-Civita connection of conformally transformed
metric
hρσ = exp
(
λ
4a4
)
gρσ . (51)
The factor 1/a4 in above formula is proportional to energy density of Yang–Mills field. So when
the field energy density goes beyond the scale at which non-minimal coupling joins the game, the
difference between two metrics g and h starts growing exponentially fast.
Now the Einstein equations (39–40) are greatly simplified and become integrable. We would
like to present them in a form of Friedmann equation:
F1 : H2 =
(
1
2a4
− 1
a2
)(
1− λ
2a4
)
−2
, (52)
F2 : H2 =
(
1
2a4
− 1
a2
)(
1− λ
a4
)
−1
. (53)
Compared to Einstein gravity, the r.h.s. of the Friedmann equations acquire additional factors,
which differ starting from O(λ2) order.
Let us briefly spell out the difference between Palatini and metric versions of Horndeski theory
in case of particular cosmological sphaleron configuration. Non-minimal coupling in both cases
produces additional singularity when the Hubble parameter diverges. In F1 case the singularity
takes place at the point a4 = λ/2, while in F2 — at another point a4 = λ. The behavior of solutions
in vicinity of those points is distinct. The r.h.s. of the Friedman equation (53) changes sign at
singularity, which is prohibited for l.h.s. Therefore the F2 solution just stops there, which implies
a so-called “Big Freeze” singularity. In F1 case, the r.h.s. of the Friedmann equation (52) remains
positive after crossing the critical point, and solutions can be analytically continued through it.
This picture resembles a phase transition in the universe.
The behavior of F1 and F2 solutions in vicinity of initial singularity, a→ 0, is also different. In
metric case the Hubble parameter approaches constant, H2 → −1/(2λ). Such evolution of Hubble
parameter takes place when the effective equation of state corresponds to inflaton, p = −ρ. The
Palatini approach provides another asymptotic: a ∝ t−1/2, which corresponds to phantom equation
of state with p = −73ρ.
3.2 Static spherically-symmetric model
We have found that for homogeneous isotropic configurations the connection is compatible with
some effective metric. However this is not an inherent property of vector Horndeski model. Let us
see what happens in case of static spherically symmetric configuration. The metric now reads as
ds2 = −w(r)dt2 + w(r)−1dr2 + ρ(r) (dθ2 + sin2θ dϕ2) , (54)
and the ansatz for vector field is
A = f(r) dt+ p cos θ dϕ , (55)
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which is often called the scalar electrodynamics. There is no need in non-Abelian configuration
here, so we better consider the Maxwell field for simplicity. The solutions to metric version of such
model can be found in literature [27, 28], so we proceed with investigation of Palatini case.
The expression for hyperstress in O(λ) order is not so simple, and does not allow to guess the
ansatz for connection. However the connection equation (20) is linear in connection, because the
action of Horndeski theory (34) is linear in curvature. The system of linear algebraic equations
can be easily resolved with a computer, so we can only present the results. In purely electric case
(p = 0) one has the following non-vanishing components of connection:
Γttr =
w′
2w
+
ρ′f ′2
2ρµ2
(
2
3
+ λ
f ′2
24
)
, Γrtt = w
2
[
w′
2w
+ λ
ρ′f ′2
2ρ
(
1 + λ
f ′2
24
)]
,
Γrrr = −
w′
2w
+ λ
ρ′f ′2
2ρ
(
1
3
+ λ
f ′2
24
)
, Γθrθ = Γ
ϕ
rϕ =
ρ′
ρ
(
1 + λ
f ′2
12
)
,
Γrθθ = −wρρ′ , Γrϕϕ = Γrθθ sin2 θ , Γθϕϕ = − sin θ cos θ , Γϕθϕ =
cos θ
sin θ
.
(56)
The solution to magnetic case (q = 0) reads as
Γttr = −Γrrr =
w′
2w
+ λ
ρ′p2
6ρ5
(
1 + λ
p2
6ρ4
)−1
, Γrtt = w
2
[
w′
2w
+ λ
ρ′p2
2ρ5
(
1 + λ
p2
6ρ4
)−1]
,
Γθrθ = Γ
ϕ
rϕ =
ρ′
ρ
(
1− λ p
2
6ρ4
)(
1 + λ
p2
6ρ4
)−1
, Γrθθ = −wρρ′
(
1− λ p
2
2ρ4
)
,
Γrϕϕ = Γ
r
θθ sin
2 θ , Γθϕϕ = − sin θ cos θ , Γϕθϕ =
cos θ
sin θ
.
(57)
The solution which incorporates both q, p non-zero is a quite complicated combination of the
above solutions, and there is no need presenting it.
In electric case the connection is parameterized by five nontrivial functions, while in magnetic
case there are only four. However, neither of these connections is Levi-Civita one. One can easily
show this considering just O(λ) order. If connection is non-metric in that order, it is non-metric
in general.
Suppose that connection is compatible with some metric hρσ , so that ∇Γαhρσ = 0. Let us
then calculate the difference between the two metrics, δhρσ ≡ (hρσ − gρσ) up to O(λ) order. By
definition,
∇Γαδhρσ = −∇Γαgρσ = Qαρσ . (58)
From other hand, ∇Γαδhρσ = ∇αδhρσ +O(λ2). Consequently, in O(λ) order one has
∇α δhρσ = Qαρσ , (59)
where non-metricity tensor is given by the Eq. (23). The commutator of two covariant derivatives,
[∇ν ,∇α], generates algebraic equations on δhρσ :
δhλ(ρR
λ
σ)να = ∇[νQα]ρσ . (60)
Here the Riemann tensor and covariant derivatives of non-metricity can be calculated on solutions
to non-coupled theory (with λ = 0). In our case the corresponding solution is Reissner-Nordstro¨m
metric:
f =
q
r
, ρ = r , w = 1− M
r
+
p2 + q2
4r2
. (61)
Then it is not difficult to find the Riemann tensor and hyperstress (19). Non-metricity will be
given by the Eq. (23), and all covariant derivatives should be taken with metric connection.
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The number of equations in (60) exceeds the number of independent variables δhρσ , so the
existence of solution is not guaranteed, in general. The system of linear algebraic equations on ten
functions δhρσ with known coefficients can be easily investigated. In case of considered spherically-
symmetric configuration there are no solutions to the Eq. (60). The Horndeski prescription ruins
the metricity of connection even in a case of spherically-symmetric configuration. Mention that in
Palatini version of modified gravities with minimally coupled Maxwell field the connection remains
metric-compatible [29, 37].
Unfortunately, now there are no such simple exact solutions like those obtained in cosmological
case. The equations on metric functions are very complicated. Since our goal was to establish the
fundamental difference between F1 and F2 approaches, we will not go into detailed investigation
of the solutions. The main result is that connection is non-metric in Palatini formulation.
4 Conclusion
It is a well-known fact that metric and Palatini versions of modified gravity theories are mathe-
matically distinct, but the actual difference for specific theories remains unknown. Here we have
compared the most common solutions (homogeneous isotropic and static with spherical symmetry)
to vector Horndeski model, which were derived in two formalisms. Though that is not a general
consideration, it provides good practical insight on the difference between metric and Palatini
versions of the vector Horndeski theory.
It appears that in Palatini case there are more degrees of freedom, because independent con-
nection is not compatible with the metric. The connection may be compatible with another
metric, or, most probably, it will be non-metric. The connection equation for particular Horndeski
prescription is linear and algebraic. One may solve it and substitute the solution into Einstein
equations. After carrying this procedure, one can find that Palatini version of Einstein equations
incorporates metric Einstein equations as O(λ) term. However there will be also the terms with
higher orders in λ, which makes the equations much more complicated. But it does not make
them worse. For example, in cosmological sphaleron model the non-linearity allows to analytically
continue the solution through the certain singularity, which is not possible in metric case. Thus,
both approaches have their advantages and disadvantages and deserve equal consideration.
5 Acknowledgment
The author thanks prof. D. V. Gal’tsov for his great contribution to the work. The publication was
financially supported by the Ministry of Education and Science of the Russian Federation (the
Agreement number 02.a03.21.0008) and by the Russian Foundation for Fundamental Research
under grant 17-02-01299.
References
[1] G. J. Olmo, Int. J. Mod. Phys. D 20, 413 (2011) [arXiv:1101.3864 [gr-qc]].
[2] H. F. M. Goenner, Phys. Rev. D 81, 124019 (2010) [arXiv:1003.5532 [gr-qc]].
[3] N. Tamanini, Phys. Rev. D 86, 024004 (2012) [arXiv:1205.2511 [gr-qc]].
[4] T. Harko, T. S. Koivisto, F. S. N. Lobo and G. J. Olmo, Phys. Rev. D 85, 084016 (2012)
[arXiv:1110.1049 [gr-qc]].
[5] N. Dadhich and J. M. Pons, Gen. Rel. Grav. 44, 2337 (2012) [arXiv:1010.0869 [gr-qc]].
12
[6] A. N. Bernal, B. Janssen, A. Jimenez-Cano, J. A. Orejuela, M. Sanchez and P. Sanchez-
Moreno, Phys. Lett. B 768, 280 (2017) [arXiv:1606.08756 [gr-qc]].
[7] Q. Exirifard and M. M. Sheikh-Jabbari, Phys. Lett. B 661, 158 (2008) [arXiv:0705.1879
[hep-th]].
[8] M. Borunda, B. Janssen and M. Bastero-Gil, JCAP 0811, 008 (2008) [arXiv:0804.4440 [hep-
th]].
[9] A. Iglesias, N. Kaloper, A. Padilla and M. Park, Phys. Rev. D 76, 104001 (2007)
[arXiv:0708.1163 [astro-ph]].
[10] E. E. Flanagan, Phys. Rev. Lett. 92, 071101 (2004) [astro-ph/0308111].
[11] M. Ferraris, M. Francaviglia and I. Volovich, Class. Quant. Grav. 11, 1505 (1994)
[gr-qc/9303007].
[12] T. P. Sotiriou and S. Liberati, Annals Phys. 322, 935 (2007) [gr-qc/0604006].
[13] G. W. Horndeski, Int. J. Theor. Phys. 10, 363 (1974).
[14] G. W. Horndeski, J. Math. Phys. 17, 1980 (1976).
[15] S. V. Sushkov, Phys. Rev. D 80, 103505 (2009) [arXiv:0910.0980 [gr-qc]].
[16] A. A. Starobinsky, S. V. Sushkov and M. S. Volkov, JCAP 1606, no. 06, 007 (2016)
[arXiv:1604.06085 [hep-th]].
[17] E. Davydov and D. Gal’tsov, Phys. Lett. B 753, 622 (2016) [arXiv:1512.02164 [hep-th]].
[18] J. Beltran Jimenez, L. Heisenberg, R. Kase, R. Namba and S. Tsujikawa, Phys. Rev. D 95,
no. 6, 063533 (2017) [arXiv:1702.01193 [hep-th]].
[19] C. Deffayet, S. Deser and G. Esposito-Farese, Phys. Rev. D 82, 061501 (2010)
[arXiv:1007.5278 [gr-qc]].
[20] C. Deffayet and D. A. Steer, Class. Quant. Grav. 30, 214006 (2013) [arXiv:1307.2450 [hep-th]].
[21] G. Allemandi, A. Borowiec, M. Francaviglia and S. D. Odintsov, Phys. Rev. D 72, 063505
(2005) [gr-qc/0504057].
[22] T. Harko, T. S. Koivisto and F. S. N. Lobo, Mod. Phys. Lett. A 26, 1467 (2011)
[arXiv:1007.4415 [gr-qc]].
[23] F. Bauer and D. A. Demir, Phys. Lett. B 665, 222 (2008) [arXiv:0803.2664 [hep-ph]].
[24] X. Luo, P. Wu and H. Yu, Astrophys. Space Sci. 350, no. 2, 831 (2014).
[25] J. D. Barrow, M. Thorsrud and K. Yamamoto, JHEP 1302, 146 (2013) [arXiv:1211.5403
[gr-qc]].
[26] J. B. Jimenez, R. Durrer, L. Heisenberg and M. Thorsrud, JCAP 1310, 064 (2013)
[arXiv:1308.1867 [hep-th]].
[27] F. Mueller-Hoissen and R. Sippel, Class. Quant. Grav. 5, 1473 (1988).
[28] A. B. Balakin, V. V. Bochkarev and J. P. S. Lemos, Phys. Rev. D 77, 084013 (2008)
[arXiv:0712.4066 [gr-qc]].
13
[29] G. R. P. Teruel, Int. J. Mod. Phys. D 22, 1350017 (2013) [arXiv:1301.6303 [gr-qc]].
[30] A. Baykal and T. Dereli, Phys. Rev. D 92, no. 6, 065018 (2015) [arXiv:1508.01630 [gr-qc]].
[31] G. J. Olmo and D. Rubiera-Garcia, Fundam. Theor. Phys. 189, 161 (2017).
[32] G. J. Olmo and D. Rubiera-Garcia, Phys. Rev. D 88, 084030 (2013) [arXiv:1306.4210 [hep-
th]].
[33] F. W. Hehl, G. D. Kerlick and P. Von Der Heyde, Z. Naturforsch. 31A, 111 (1976).
[34] S. Cotsakis, J. Miritzis and L. Querella, J. Math. Phys. 40, 3063 (1999) [gr-qc/9712025].
[35] V. V. Dyadichev, D. V. Gal’tsov, A. G. Zorin and M. Y. Zotov, Phys. Rev. D 65, 084007
(2002) [hep-th/0111099].
[36] D. V. Galtsov and M. S. Volkov, Phys. Lett. B 256, 17 (1991).
[37] G. J. Olmo and D. Rubiera-Garcia, Phys. Rev. D 86, 044014 (2012) [arXiv:1207.6004 [gr-qc]].
14
